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ABSTRACT

joint work with Yunping Jiang

A quasisymmetric homeomorphism a of the circle {z = eiθ : |z| = 1} is

an orientation preserving homeomorphism for which there is a constant

M such that for all θ and t with 0 < |t| < π

(1)
1

M
≤

∣∣a(ei(θ+t))− a(eiθ)
∣∣

|a(eiθ)− a(ei(θ−t))|
≤M.

The mapping a is called symmetric if in addition the same inequality is

true with M replaced by 1 + ε(t) where ε(t) approaches 0 as t approaches

0. It is assumed the function ε(t) vanishes independently of θ.

A symmetric measure ma is a measure defined by ma(S) = m(a(S))

where a is symmetric and where m is Lebesgue measure, dθ/2π.

Let f0(e
iθ) = eidθ where d is an integer larger than 1. A uniformly

symmetric circle endomorphism f ∈ US(f0) is an endomorphism of the

form

f = h ◦ f0 ◦ h−1,

where h is quasisymmetric and where the backwards compositions of f are

uniformly symmetric. More precisely, f is uniformly symmetric if there

is a function ε(t) approaching 0 as t approaches 0 such that for every

triple of points ei(θ+t), eiθ, and ei(θ−t) any n-th backward composition of
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inverse branches of f satisfies

(2)
1

1 + ε(t)
≤

∣∣f−n(ei(θ+t))− f−n(eiθ)
∣∣

|f−n(eiθ)− f−n(ei(θ−t))|
≤ 1 + ε(t),

for all positive integers n.

Theorem 1. Quasidisc operators on measures induced by normalized

quasidisc pairings form a cocycle on measures.

Theorem 2. Every element f in US has a unique symmetric invariant

measure mf .

Theorem 3. Every element f in US is uniquely determined by its scaling

function sf and its unique symmetric invariant measure mf .

Theorem 4. US(f0) is an infinite dimensional complex manifold mod-

elled on a Banach space with three quaternionic almost complex structures

i, j and k acting on the fibers of its tangent bundle,

i2 = j2 = k2 = −1 and ij = k, jk = i, ki = j.

There is a surjection

Ψ : US(f0)→ Teich(f0) ∼= {sf : f ∈ US(f0)}

and each fiber Ψ−1([f ]) is isomorphic to Teich(f ∗0 ). The comlplex struc-

ture on US(f0) induces the complex structures on Teich(f0) and Teich(f ∗0 ).


